It is proved that every non-complete, finite digraph of connectivity number k has a fragment F containing at most k critical vertices. The following result is a direct consequence: every k-connected, finite digraph D of minimum out-and indegree at least 2k + m − 1 for positive integers k, m has a subdigraph H of minimum outdegree or minimum indegree at least m − 1 such that D − x is kconnected for all x ∈ V (H). For m = 1, this implies immediately the existence of a vertex of indgree or outdegree less than 2k in a k-critical, finite digraph, which was proved in [17] . 
Introduction
Rudolf Halin proved in 1969 that every minimally k-connected, finite graph contains a vertex of degree k [1] . This important result inspired a lot of further investigations on the existence and number of vertices of small degree in minimally k-(vertex-) connected or k-edge -connected or critically k-connected graphs and digraphs.
First we will explain these concepts more precisely. All graphs and digraphs in this paper are assumed to be finite and do not contain parallel edges ( of the same direction). If parallel edges are allowed, we speak of multigraphs and multidigraphs. A k-connected graph (or digraph ) is minimally [critically] k-connected, if deleting any edge [vertex] , the connectivity number becomes less than k. For edge-connectivity and for multigraphs and multidigraphs we use corresponding concepts.
A transfer of Halin's result to digraphs was given by T. Kameda in [9] , showing that every minimally k-connected digraph has a vertex of indegree k or outdegree k. This was improved in [13] to the fact that it always contains even a vertex of outdegree k. D.R. Lick [7] proved that every minimally k-edge connected multigraph has a vertex of degree k and it was shown in [10] that a minimally k-edge-connected multidigraph has a vertex of in-and outdgree k. Chartrand, Kaugars, and Lick [8] proved that every critically k-connected graph has a vertex of degree at most 3k− 2 2 and I proved in [17] that a critically k-connected digraph has a vertex of outdegree or indegree less than 2k, but not necessarily always one of outdegree less than 2k. The bound in the last two results mentioned is best possible.
Whereas a critically k-edge-connected graph has a vertex of degree k by [14] , as far as I know, the corresponding concept for digraphs has not been considered until now. But I conjecture that a critically k-edge-connected digraph has always a vertex of outdegree or indegree less than 2k. This bound would be best possible, as the slightly modified Example (6) in [18] shows.
There are still a lot of open problems, especially on the number of vertices of small degree, considered also by R. Halin himself in [2] , [3] , [4] , [5] , and [6] . A survey on results and conjectures on [generalized] multiple criticality of graphs and digraphs is found in [20] . Perhaps the most interesting and fundamental open problem in our context is the following.
Conjecture 1 [12] . Every minimally k-connected digraph has a vertex of indegree and outdegree k.
The case k = 1 is the above mentioned result on minimally k-edge-connected multidigraphs [10] . The case k = 2 was proved in [19] . For all k ≥ 3 the conjecture is open. But it was shown in [19] that for k ≥ 2, every minimally k-connected digraph contains a vertex z with min {d + (z), d − (z)} = k and
Before we state the main result of our paper, we should fix the terminology and the notation not so common. For a digraph D, |D| denotes |V (D)| and x ∈ D means x ∈ V (D). For subdigraphs H, G ⊆ D and any vertex set S, define H ∩ S := V (H) ∩ S, and instead of V (H) ∩ V (G) = ∅ we write H ∩ G = ∅. We call a digraph connected, if it is "strongly connected" in the usual sense. A path and a circuit in a digraph are always continuously directed. A digraph D is k-connected iff |D| ≥ k + 1 and, for every pair a,b of distinct vertices, there are at least k openly disjoint paths from a to b. So the complete digraph ↔ Kk+1 is k-connected but not (k+1)-connected, for all integers k ≥ 0. For such a digraph D we say that it has the connectivity number k and we write κ(
A separating set of a digraph D be always an S ⊆ V (D) such that D -S is not (strongly) connected. By Menger's theorem, every non-complete digraph D has a separating set S with |S| = κ(D); we call such an S a least separating set. It is easy to see that a vertex is critical in a non-complete digraph D iff it is contained in a least separating set of D. 
hold. Correspondingly, we define a negative fragment, and a fragment is a positive or negative fragment. Also without mentioning the sign, we consider a fragment F always with a certain sign, but sometimes we write sgnF for it. A subdigraph H can be a positive and at the same time a negative fragment, but we consider these fragments different. If F is a positive
Obviously, every non-complete digraph has a positive fragment and a negative fragment. Now we can state our main result. The proof of this theorem is found in section 3. First we will give some consequences and examples, and will compare the directed case with the undirected one. The following result is an immediate consequence of Theorem 1.
Corollary 1 [17] : Every k-critical non -complete digraph has a positive or a negative fragment F with |F | ≤ k. Hence every k-critical digraph has a vertex
Originally, I was not especially interested in finding an easier proof for this result, but I hoped to get a generalization of the following result to digraphs.
However, we have only succeeded in proving such a result for |A| = 1 for digraphs. It was shown in [15] that every non-complete graph G of connectivity number k has a fragment F with F ∩ Cr(G) = ∅ or a fragment F with V (F ) ⊆ Cr(G) and |F | ≤ Example 1. Let K 1 , . . . , K n be disjoint complete digraphs of order at least 2k and let
Then κ(D) = k holds, the minimal positive [negative ] fragments are the sub- We know from [17] and [18] that in a k-critical digraph with k ≥ 2, in general, there need not be a vertex x with d + (x) < 2k, hence no positive fragment F with |F | ≤ k. Therefore, also in Theorem 1, we cannot prescribe the sign of the fragment F ( as also shown in Example 2). This suggests that the same holds for H in Corollary 2. The following example shows that this is true, if
Example 2. Let a > k be positive integers. Let K be a complete digraph with |K| > a + k. 
, this is in contrast to 1-critical digraphs: these have a positive and a negative fragment of order 1, i.e. a vertex of outdegree 1 and a vertex of indegree 1 (see [16] or [18] 
The next example proves that for k-critical digraphs D with fixed k ≥ 2, δ − (D) can be even arbitrarily large. ( This is quite different from minimally kconnected digraphs, which have a vertex of indegree k and a vertex of outdegree k, as proved in [13] . ) Furthermore, it shows that in Corollary 2, high indegree is not sufficient for the existence of a subdigraph H of large minimum outdegree or minimum indegree not containing vertices of Cr(D). [18] that every k-critical digraph has at least two different minimal fragments ( different at least by their sign) with |F | ≤ k, and similar for vertices of in-or outdegree less than 2k. This conjecture is unproved and I believe it is only a special case of the following more general conjecture. This shows that a generalization of Proposition 1 in [21] , suggested after the Example on page 328 in [21] , is not possible. That Proposition says that every connected digraph D with δ(D) ≥ 2m for a positive integer m contains a path P of order m such that D − V (P ) is connected. I asked there, if a similar result holds for every orientation of an undirected path. Example 2 shows that this is not the case, for instance, for the orientation P 0 of an undirected path P of length 5, which has two vertices of indegree 2 of distance 3 on P . For given k ≥ 1, not every digraph D of connectivity number k and high δ(D) does contain a subdigraph (F + (D), ⊆) , and it does not mean that it is a minimal element of (F, ⊆), which is positive. ForF , F from F(D) with sgnF = −sgnF , we define
Example 3: Let us take in Example 2 all
D i ∼ = ↔ Kk+m−1 for any positive integers k, m, but the other notation K, C i , C i , a remain as there. Let D arise from K ∪ n i=1 D i by addition of k disjoint edges from D i to C i for i=1,. .
. , n and of all edges from
C i to D i . Then κ(D) = k, δ − (D) ≥ a + k − 1, Cr(D) ⊇ V (K),
Conjecture
2. Every non-complete digraph D with κ(D) = k has at least two different minimal fragments F with |F ∩ Cr(D)| ≤ k. The existence of two such fragments would be best possible, also for arbitrarily large vertex number. For k ≥ 2, this is shown by the Examples 5 and 6 in [18]. Simple examples for all k ≥ 1 are digraphs D with exactly one least separating set S and the property that the components of D -S form a chain. The following conjecture also remains open for all (k, l, m) with l > 1 and m > 1. Conjecture 3. For positive integers k,l,m, there is a least integer f k (l, m) with the property that for all k-connected digraphs with δ(D) ≥ 2k + f k (l, m) there is a non-empty subdigraph H with δ+ (H) ≥ m − 1 or δ − (H) ≥ m − 1 such that κ(D − A) ≥ k holds for all A ⊆ V (H) with |A| ≤ l.P 0 ⊆ D − Cr(D). ( Hence, for such a D for k = 1, D − V (P 0 ) is unconnected for every P 0 ⊆ D, if δ(D) ≥ 6. )
Further Notation and some Lemmas
If W is a path from a to b, we use W (a, b] and so on in the same way as for intervals; for instance, W [a, b) means the path W − b. For a subdigraph or a set of vertices H and an a ∈ D − H , an a,H-fan of order k is a set of a,H -paths W 1 , . . . , W k in D so that the paths W i − a are disjoint and W i ∩ H consists exactly of the endvertex of W i for i=1,. . . , k. An H,a-fan is defined in an analogous way. For an
The first lemma is well-known, easily proved, and found in many papers, e.g. as Lemme on p. 1254 in [11] or Lemma 1 on p. 266 in [17] . We omit the proof. 
Proof. We may assume |A| > k. By hypothesis, b ∈ B 1 ∩ B 2 exists. The inequality |A| > k and κ(D) = k imply the existence of an a ∈ A − N + (B 1 ). Since D is k-connected, there are k openly disjoint paths W 1 , . . . , W k from b to a. Since b ∈ B 1 ≤ A and a ∈ A − (N + (B 1 ) ∪ B 1 ), for every i=1,. . . , k, there is exactly one
. We now prove the following.
Proof of the Claim. If
If k 1 is the number of the paths W i (b, a) with property (b), then
One could also use Lemma 1(a) for the proof.
We now combine Lemma 1(b) and Lemma 3 into the form in which we will use it.
Lemma 4. Let be
Proof. Since B i ∩ A = ∅ for i = 1,2 and |A| > k, Lemma 3 implies B 1 ∩ B 2 = ∅. Then Lemma 4 follows from Lemma 1(b)
Proof of Theorem 1
Remember that D is always a finite, non-complete,simple digraph of connectivity number k ≥ 1. We presuppose now further |F cr | := |F ∩ Cr(D)| > k for all F ∈ F(D). Since F(D) = ∅ contains a minimal fragment B and every fragment contains critical vertices by assumption, also G(D) = ∅ holds by Lemma 2. If there is an F ∈ G(D), which is minimal in (F sgnF (D), ⊆) , then choose such an F . Otherwise choose an F minimal in (G + (D), ⊆) or in (G − (D), ⊆) . Say, we have chosen in this way A ∈ G − (D) for an A ∈ F + (D). Since A is good, the set B := {B ∈ F + (D) : B ≤ A} is not empty, so neither is B 0 := {B : B minimal in (B, ⊆)}. In this whole section A is chosen as above.
Consider B ∈ B 0 . Since we have assumed |B cr | > k, B cr −N + (A) = ∅ holds. Hence there is a fragment C ∈ F + (D) with N + (C) ∩ (B − N + (A)) = ∅. We will show (1) C ∩ B = ∅ and (2) C ≤ A, i.e. C ∈ B.
(1) Let be B ∈ B 0 and C ∈ F + (D) with N + (C) ∩ (B − N + (A)) = ∅. Then C ∩ B = ∅ holds.
Proof. We assume C ∩ B = ∅ and deduce a contradiction to our choice of A, B. We prove some properties.
(a) C ∩ B = ∅.
If we had C ∩ B = ∅, then by Lemma 1(b), C ∩ B were a positive fragment, which were properly contained in B, since N + (C) ∩ B = ∅. But B was chosen minimal positive.
We assume A ∩ C = ∅, i.e. C ≤ A. Since |A| ≥ |A cr | > k, we can apply Lemma 4 to C, B. This says that C ∩ B is a positive fragment. But this is properly contained in the minimal positive fragment B, since N + (C) ∩ B = ∅. So (c) follows. The last property we need is
Let us assume A ∩ C = ∅. Using (b), we get Proof. Let us assume C ∩ A = ∅. By (1), we know C ∩ B = ∅. Together with B ≤ A, this implies
Our assumption C∩A = ∅ and Lemma 1(a) imply (2) we have C ∈ B. Hence,
Since all B ∈ B 0 are disjoint, we know
We will show that (3) and (4) are contradictory. Incomparable fragments C 1 , C 2 in (C, ⊆) are disjoint, since C is crossingfree.
For the deduction of some properties of C, some further notation is useful.
If |T ∩A| ≥ k holds, then the inequality in (5) is true, since A ∩ S = ∅. So we may assume that there is an a ∈ A − T , since |A| > k. Since κ(D) = k and |S| > k, there is an S,a-fan P 1 , . . . , P k . Let b i be the first vertex of P i . Since b i ∈ S and the C j are disjoint, there is exactly one j i with b i ∈ B 0 (C j i ) ⊆ C j i . Since a ∈ T ∪ S, there must be a t i ∈ (P i − b i ) ∩ N + (C j i ). All these t i are distinct, since t i = a and the P i − a (i=1,. . . , k) are disjoint. Since (P i − b i ) ∩ S = ∅ holds, we conclude |T − S| ≥ k (6) Let C 1 , . . . , C p be incomparable elements of (C, ⊆).
Proof. We induct on the height h(C 1 , . . . , C p ). Let be T and S as in the last proof. (C 1 , . . . , C p ) > 0. We distinguish two cases.
(α) p =1. Then C 1 ∈ B 0 . Let C 1 , . . . , C q be the distinct maximal elements ofĊ(C 1 ) = ∅. From h(C 1 ) > 0 we get q ≥ 1. Being maximal elements, C 1 , . . . , C q are incomparable w.r.t. ⊆. Since the height of C 1 , . . . , C q is less than the height of C 1 , we get by induction | us consider a C i ∈Ċ(C i ) and B ∈ B 0 (C j ) for i = j. Let us assume that there is an x ∈ N + (C i ) ∩ B. Then x ∈ C i or x ∈ N + (C i ), since C i ⊆ C i holds. But x ∈ C i is not possible, since otherwise x ∈ B ∩C i = ∅, contradicting B ⊆ C j and C i ∩ C j = ∅. So we conclude x ∈ N + (C i ). This means N + (C i ) ∩ 
Now we easily get a contradiction. Let C 1 , . . . , C p be the maximal elements of (C, ⊆). Then these are incomparable and an application of (6) On the other hand, from (3a) and (4) But (7) and (8) are contradictory
